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I
PREFACE

This technical report consists of publications, manuscripts, and

supplemental information related to the scattering of light by bubbles

in liquids and in glass. The emphasis of the report is on the scattering

by air bubbles in water into the angular regions where diffraction makes

essential corrections to elementary ray optics. For bubbles these regions

are backward scattering, forward scattering, and critical angle scattering.

Most of the previous literature on light scattering is concerned with

drop-like objects where tht refractive index of the ccatterer exceeds

that of the surroundings. The present results should be useful for the

optical characterization of microbubbles at sea and in water tunnels2 ,

or for the prediction of the optical properties of bubbly media. They

should also be useful for laser-Doppler anemometry with microbubbles and

the detection of microbubbles in glass.

Certain phenomena described here should be present for other spherical

or nearly spherical scatterers where the refractive index is less than thit

of the surroundings, for example: air bubbles in ice, water inclusions in

fused quartz (such as those present in varieties of opal glass), ice spheres

in water, and superheated drops in a host liquid. The coarse structure in

the critical scattering region can be present even if the scatterer is not

spherical . -.,

The first paper summarizes experiments, models, and results of Mie

computations for both backward and critical-angle scattering. Theoretical

results presented indicate tVat axial focussing enhances the scattering by

an air bubble in water into the near forward and near backward regions. This

enhancement for the forward region, (forward optical glory), is more signifi-
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cant for depolarized than for polarized scattering since the latter is

dominated by ordinary forward diffraction. At present the experimental

observations of axial focussing from single bubbles are limited to the

backward glory of air bubbles in a viscous polyiner liquid. (These are

described in detail in the seventh paper). The first paper also discusses

the scattering efficiency of bubbles and the relevance of far-field compu-

tations to near-field observations of bubbles.

The second paper oescribes the first observations of, and model for,

the scattering in the critical region which is near 83 degrees ftu. an air

bubble in water. This paper is included here for completeness though it

was not supported by the present ONR contract. It was supported in part

by ONR Contract N00014-76-C-0527 (R. E. Apfel principal investigator).

The third paper describes an improved model (which includes both

diffraction and interference) for the coarse structure near the critical

scattering region.

The fourth paper is the first to be published which correctly gives

the results of Mie theory for angular structure in the scattering by bubbles.

This paper substantiates the model of the coarse structure developed in the

third paper. The paper was excerpted from the Mi ;ter's Degree Thesis of

D. L. Kingsbury. A supplement attached here gives examples which were not

published for reasons of brevity.

The fifth paper gives Mie theory and model results for air bubbles in

fused silica glass. The paper is the first to discuss the Brewster scattering

angle for bubbles and the first to give valid Mie results for bubbles over

the entire (0 to 180 degrees) range of scattering angles.

The sixth paper describes cowputer codes used for some of the Mie and

model computations. The codes shown here have been adapted for use on an HP 1000
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minicomputer system. This paper is excerpted from the Master's Degree

Thesis of D. L. Kingsbury. For a more complete description of the Mie

3
scattering algerithm, consult the paper by Wiscombe which is the basis

of these codes.

The seventh paper describes the first observations of backscattering

from air bubbles in liquids. It also describes a physical-optics approx-

imation for the backward axial focussing of scattered light. This model

shows that the intensity cf individual axially focussed rays are propor-

3
tional to a , while the simply reflected scattering is proportional to

2
a where a is the bubble radius. (The total backscattering is not

3
simply proportional to a due to the interference of various paths;

see paper 1). Polarization and quasi-periodic properties of the glory are

discussed.

The approximations and physical models described hcre for bubbics

should also be useful for certain cases in tile scatLering of sound fromi

fluid or elastic spheres. This has been verified by Marston and Kingsbury 4

for scattering in the critical region from fluid spheres. Backward axial

focussing or "acoustic glory" has also been proposed for elastic spheres

in water.
5

Care should be taken when applying the results of this report to

light scattering by mircobubbles in seawater. Our computations assume

that the bubbles are spherical and that the refractive index of the

scatterer is homogeneous. There is a natural tendancy for the gas in

microbubbles to disolve int.o the surrounding liquid.6 There is some

recent evidence that microbubbles in seawater can be stabilized by

substances sorbed onto their surface. The presences of a sorbed film

or small deviations from sphericity may alter the details of the

6



scattering patterns described here, but it should not obliterate the

existence of axial focusing and the coarse and fine structures.

Philip L. Marston
Principal Investigator
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Paper No. 1

Light scattrring by bubbles in liquids: Mie theory, physical-optics
approximations, and experiments (P. L. Marston, D. S. Langley,
and D. L. Kingsbury) to be published in the journal Applied
Scientific Research in the proceedinas of the IUTAM Sumposium
on the Mechanics and Physics of Bubbles in Liquids. This
paper was presenLed at the Sympusium (june, 1981).

Abstract

Angular structures in the far-field scattering frorii bubbles are

observed and modeled. Mie theory supports a model of diffraction and

interference near thn critical scattering angle. A new expression for

the angular spacing of fine structure is derived. Photographs of scat-

tering show some of the predicted features. Application of these struc-

tures to bubble sizing and detection are summarized and the theoretical

extinction coefficient in water is plotted.

Mie computations for bubbles in water also reveal backward and for-

ward glory effects. These are partially manifested as cross-polarized

scattering. Observed scattering from bubbles in 'he near backward di-

rection is found to have a strong cross-polarized component.



1. Introduction

Equations for the scattering of plane electromagnetic waves by a di-

electric sphere were given by Mie [1] in 1908 and the resulting features

of the angular scattering pattern of drops are well known [2-4]. The Mie

solution, though exact, does not give insight into either the scattering

process, or changes in the pattern resulting from changes in shape, re-

fractive index, c' profile of the incident wdve rronts. Reviews of the

literature on light scattering [2-41 reveal a paucity of information about

the scattering pattern of bubbles in liquids where the refractive index

of the scatterer n. is less than that of the surrounidings n . Conse-

quently we have begun [5-10] a systematic study of the scattering of light

by gas bubbles in liquids. Aspects of the study are: (1) the computation

of Hie scattering; (2) the development of simple physical models which give

insight; and (3) observations of features in the scattering which differ

significantly from both the scattering by drops and the scattering pre-

aicted by geometrical optics [111. In this paper we suilmarize the main

features of the scattering with an emphasis on the critical [5-7] and back-

scatter [I0] regions. New experiments and ao;)plicatinns will be described.

These are the first detailed observations of scattering by bubbles.

Mie's solution [1-3] to the problem of the scattering efficiency and

pattern of a dielectric sphere is a function of the ratio in = ni/n . It

is usually expressed as a function of x -: ka = 27TrZ/X, where z is the sphere

radius, k and X are the wavenumber ,lnd wavelength in the outer dielectric.0

Optical sources are typically characterized by the wavelength in a vacuum Xv;

we note that k 27rn 0/Xv, For an air, filled bubble, n.i 1.00029

9
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2

and it is usually a good approximation to take in = 1/no. Most of this

paper will deal with scattering by sphericdl bubbles with plane incident

waves. We will gain some insigcht however, into which features of the

scattering pattern should be sensitive to deviations from sphericity.

2. Scattering Efficiency

The efficiency factor Q is the ratio of the total scattering
sc a 2

cross section to the geometric cross section Z When n. is real

valuea, Qsca also gives the extinction efficiency [2-4,12]. Figure 1

compares Qsca for drops of water in air with iii - 4/3 with that for a

bubble -in water with in = 3/4. The computations werc performed using a

slightly hmodified version [9] of Wiscombe's MIEVO Mie scattering algorithm

['13]. A table of Qsca for bubbles exists [14] which is consistent with

Fig. 1. For a fixed X and a given value of x , the drop's radius is

larqer than the bubble's radius by , factor of 4/3. For the case of

light from a He-N'e laser, ,Av 0.6328 tim; for bubbles in water, x of 10,

100, 1000, and 10 000 give u of 0,75, 7.55, 75.5, and 755 pm, respectively.

The salient feature of Fig. 1 is that for drops Qsca exhibits a

fine "ripple" structure [3,12] but that our calculations of Qsca for

bubbles do not reveal a ripple structure. For both drops and bubbles, Qsca

has a broad undulation with a quasi-period Ax - 'ir/Iii - II. This approxi-

mation, which has been derived from the theory of "anomalous diffraction"

[2,31, appears to be useful for both bubbles and drops. The ripple struc-

ture present for drops is due to optical resonances [12] which are attributed,

in part, to internal surface waves. The absence of such structure for

bubbles is probably because m< 1 doe, not favor the entrapment of internal

surface waves.

10



3

3. Critical and Brewster Angle Scattering

For scattering by drops, diffraction is important for the description

of the forward, backward, and rainbow regions [2,3]. For bubbles, there is

no longer a rainbcw; however, a new reqion appears known as the critical

scattering region [5]. Diffraction is important in this region because of

an abrupt change in the amplitude of the reflected wave as the local angle

of incidence 0 changes from 6 < 0 for small impact parameters to 0 > 0c

for large ones. Here 0 c = arcsin(in ) which is the critical angle for a

plane surface. Figure 2 illustrates several ray paths which lead to a

scattering angle ý (the deviation from the forward direction) of 50'.

The number on the left specifies the number of internal chords p; C and
p p

denote the angle of incidence and refraction of the pth ray. The reflected

ray (which has p = 0 ) has a scattering angle = =• - 20. For an air

bubble in water with m = 3/4, the critical scattering angle is TTc - 20
C c

82.82'. Geometric optics [5, 6, 11] predicts that JdI /d•j + ' as + ap-

proaches from above { . Here I. is the normalized scattered intensity

defined as follows: the actual j-polarized intensity at a distance R >> a

from the bubble's center is the incident j-polarized intensity multiplied by

2I (a/R) /4. For the electric vector perpendicular to the scattering plane,

j : I, for the parallel case, j = 2. This normalization is appropriate for

bubbles since geometric optics predicts tnat if the intensity of the p = 0

reflection could be considered by itself I. (ý < %c) = 1 due to total reflection.

Our observations [5], model [5, 6], and Mie computations [7-9] demonstrate

that instead of a divergence of Idl /dqj , the rise in is spi cad out over

the region $I - Q where i = arcsin [0.8 (!-m 2 
-4(144x

for water. The model makes use of a physical optics approximation which

is to (a) use ray optics

II
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along with the reflection coefficients of a plane surface to compute the

complex amplitudes of virtual waves which simulate the scattering, and (b)

use Fraunhofer's approximation to compute the diffraction of the virtual

wave to the far field where R >> xa. Step (b) yields the improvements

over the geometrical predictions [11]. This procedure is analogous to

Airy's model of diffraction near the rainbow [2] Additional approximations

used in the model are: only the two most intense virtual waves for ¢- @c

are included (p = 0 and 1); and the divergence of the derivative of the

reflectivity is simulated by truncat~ing the p = 0 reflection when 00 < 0

To compare the model results with Mie theory,* we consider examples of

bubbles in water which complement those previously published [7]. Figure 3

shows both theories for x = 100 and j 1. It shows that there is a coarse

structure in the Mie scattering for • < q) which has a quasi-period 1, i 14.4'.

This structure is described by the model excent in the near forward direction

The Mie result also has a superposed fine structure where the magnitude

of th(. quasi-period < ,\ /a rad. = 360,xx . Near <. this fine structure

arises pri,'drily from the interference of the p = 0 wave with the wave due

to the p ý 2' ray in Fig. 2. Its quasi-period s4 nay be estimated f:'o:ir the
f

lateral separation b0 + b2 , of virtual point sources which would simulate the

scattering at a .liven 6 . As shown in Hi. 2, this separation is the sum of

t;Ce impact parameters b for these reys. Standard relations for the far-
p

field interference applied to these sources gives:

Q f(f) L, arcsin[Xo/(b 0  + b()

*The conversion from the Mie amplitudes Sj [2,3 13] t:e the Ii is I. =
2 3

(2lSjl/x).
.3
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5

where bp = sinp 0 ('n - f)/2, J, Tr + 2(02, - 2 p2,) and from Snell's

law, msinpp sino p Eq. (1) is only an approximation because it fails

to include other (such as p = 1) virtual waves and it does not completely

account for the lonmtudinal spacing of virtual sources and for how those

sources vary with ,. With C . and m = 3/4, b0 + b2 , ! a/0.825 and

Q -arcsin (5.18 x-). This gives 2.97' at x = 100 which is in reasonable

agreement with Hig. 3.

Figure 4 shows the Mie and physical-opti.s reýsults for x 1 10 000 and

J= 1. The fine structure quasi-period is greatly reduced; Eq. (1) gives

)'- 0.0297' which agrees with the Mie result of 0.03'. The amplitudes

of the coarse undulations (Q 1.4°) decrease sl ihtly with decreasing qp until

75'. A graph of Il for 75 how coarse undulations increasing

in amplitude with decreasing The explanation is that tor x 1 I0 000,

with • k 750 the coarse structure is primarily due to diffraction of the

p = 0 wave [5] but for q, ,,' 75' it is primarily from the interference of the

p = 0 wave with p > 0 waves [6]. Plots [7] of 12 for this x also show

this. transition and that fine structure is significantly weaker when j = 2.

Figure 3 does not show the transition because the diffraction region (. -.

overlaps the region where interference with the p = 1 wave is significant.
As 0 approaches the Brewster anmle, 0 arctan(m), the reflectivity

of the p = 0, j = 2 polarized ray vanishes [2]. Consequently, accordin(I to

geometric optics, there is no contribution to 12 from this ray at the Brewster

scattering angle 1= T - 2oB = 2 arctan(m-l), Reca,'se the reflectivity varies

slowly near 'pB' di fraction is less important than near 'c A coarse minni;i,um

is evident in the Mie 12 near ,1)B for bubbles in glass [8] and foi bubbles

in water where 1B 056.3' When x drops b(,Iw 5, its location shifts toward

90'; the scattering pattern approaches 'hnt of . dipole rali(tor pre(IictcJ by

Rayleigh scatterinm theory [2, 3, 8].

13
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4. Observations of Critical Angle Scatterino

Previous observations [5] were limited to the 4) region where the

coarse Undulations decreased with decreasing j , We have a new apparatus

similar to that in [5] except that it permits observations with ý down to

700. As in [5], bubbles were attached to a vertic(al needle in distilled

water. They were illuminated with a plane wave from a He-fle laser with

Xv = 632.8 nm. They were photographed via a window with a camera focused

on infinity to place the film in the far field. Because of a technical prohlem,

we have not obtained precise direct measurement•, of iz in the (horizontal)

scattering plane along with the photographs, hoaevLr, we have demonstrated

that Qf(,pc) from Eq. (I) gives an a which is co,•;istent with the ob'jerved

and modeled coarse structure. Thus the valtu,.-, qugwtod in F-g. 5 were

determined from the coarse and fine structures, (id not from direct observations.

Figure 5 serves more to illustrate phenooicna describled in Sec. 3 than to rig-

orously test the models ,ith real bubbles. The angle scale is for .,

change in water. The horizontal displacement is not exactly linear in 4) due

to refractive corrections at the water-window-aii interfa, es. In Fig. 5(a),

the broad bri.ht region on the left is the first cc:irse maximum with < J) c'

On the right, the coarse undultions ircrease in ampl i t.ide as (1, decreases,

with direct observations). The coarse undulations are spread out and the fine

structure is clearly visible with - 0.07.

5. Backward and Forward (1lory

Backscattering iroir Oirops is known to be enhanced by the axial focising

of certain rays [2, 3]. A complete description of this "glory" for water dros

14
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is complicated due to the rner .'sity of including surface WdVes [15]. We

have observed and modeled buckscatLerinq from air bubbles [10] ',nd find that

soare aspects can bf, explained with a physical-optics approximation that does

not include surface waves. For the following discussion, it is convenient

to define y =- ; y = 0 corresponds to exact backscattering.

Computed Mie intensities show thatt backscatte'inq from bubbles may be

significantly larger than that expected from reflection of the p = 0 ray.

For y 0 0, the plane of scattering is no l,•rner defined and I = I

"1i9:'. 6 shows several broad peaks il I which ar2 significantly larger than

the normalized intensity of the p 0 reflection which, by itself, is (m -I)

(m + 1)2 = 0.02. Other axial (e.g;. pj 2) rays are too weak to explain the

magnitude of I.

For polarized incident light, scattorinr near y -- 0 may be described in

part with (non-cross) polarized 0) arnd cruos-polarized 1(2) normralized in-

tensities. For I(2), the plane of polariiation is rotated by 90" from incidenL

polarization; symmetry gives 1(2)(" z 0) - 0 while 1)( 0) = 1I(- = 0).

For y ý 0, the I(ý) depend on both y and the angle 1, which the scatterinq

plane2 make. with the incident electric vector.* Figure 7(a) illustrates the

computed scattering. Geometric models of I(k)( - 0) predict that the con-

tributions of off-axis (p - 3 and 4) rays diverge as y -• 0 because of a factor

which accounts for focusingj. This divergence is present in previous ray models

[11], but was not discussced; it is also present for drops [2] for certain H.

Because of this divergence, diffraction provides an essential correction to

ray optics.

*The conversions from the compic., ýIie tl,'olitudes S. to the 1(e)(,« l0°, 1 )
(1- -= 2 ? '(2) 4 2 2 where +
a I Is S co32ý,j /x and I /XSin2; . h

S S?. Evidently the doperidence oý Eq. (2) i,:, of the correct type.

1 5
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The scattering due to the p1 3 ray in Fig. 1(a) (insert) is a back-

facing teroidal wave front which appears to originate at a virtual ring-

like source known as the focal circle in the analoqoris [2] p 2 scattering

from drops. This source at point F is ringlike because the figure may be

rotated around the optic axis through the center C. For large x, the

stationary-phase approximation of far-field diffracLion integrals gives the

following proportionalities for otf-axis (p. 2) contributions to the I(

taken separately:

1 c 2 ) 0 (cIC -42) C c ,(u) cos~ d (2a)

(2) 1 2 0 1 2

1 ( ) x[(c - c ) J2(j) sin2,:j (2b)

where the c. are combined Fresnel reflectivities and transifissivities of

the j-polarized fields, u -k si n y , and b' is the ii pact parameterP

of the exactly backscattered pth ray. Because I x , the unnnnrmalized
(P)

intensity is proportionai to k, while that for the p = 0 ray is proportional
2

to .2 Consequently, off-axis waves are dominant when •i is sufficiently

large. It i', evidenL from Fig. 6 and 7(a) that the modelling of T(t) may re-

quire summation of electric fields from several virtual sources. (In physical

optics, intcrnsities do not adId but fields do.) Interference of various ring-

like and axial virtual sources depends on x and could lead to the broad ;truc-

tures in Fig. 6. Detailed compputation of IM (y 0) give raynitud(Is suf-

ficient to explain the Hic scattering. Due to the Bess;el frnctions ill Eq. (2),

the actual scattering should bD peaked at or near • 0.

We hive observed backscattering from sing 1, air bubbles in a diniethyl-

siloxane-polym r liquid which were n-arly immbnilized by vis,:osity. In these

16



cxperiments, in1  1.403, X= 632.8 nm, a 0.3 0.8 iin and- x 4000 -

11 000, The far-field cross-polarized intensity had a dependence on y and

E similar to that predicted by Eq. (?b) with p1 3. Equation (2b) predicts

that when both siny y and u > 1 the minima in I should be spaced
(3))-l

by Ay • (kb9 radians where b.' 0.441,i. The prediction correctly

described the ubserved 4' - 2 scattering which is app.arently dominateu here by

the p = 3 virtual source. The focal circle was viewed by focusing the camera on I

the bubble. Thet= 1 scattering was not dominiudLed by a single class of rays. H
Cross-polarized scattering from a polydispersicn of bubbles in water has also

been seen.

Figure 7(b) shows an enhancement of near-forward cross-polarized scatterino

due to axial focusing. Focal circles due to the p 2 and 3 rays largely

contribute to the C = 2 scattering. The forw.ard j 1 scattering is domi-

nated by ordinary diffraction [2] when x is large. Mie theory gives 1(0)_ lO7

when ¢ = 0 for the x and m of Fig. 7. Forward optical olory has 3lso been

displa/ed in Mi- scattering by water drops [16]. Its description is complicat,_d

by surface waves.

5. Discussion

Figures 3 - 7 demonstrate that, for several angular regions, the intensity

exceeds that of geometric scattering from a perfectly reflectinq sphere of the

same a (for which Ij = 1). This information should be useful in optical de-

vices which size or detect bubbles [7, 17, 18]. Due to diffro-ilion near 4,(:,

it is preferable to detc, L scattering with ,' #, 4 - s than to observe it

with q 90' which is the usual practice ill<] for bubbles in ,ater. For an

unpolarized source, the normalized totll scttimring is ] I I 2)/2.
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Though this paper has emphasized the far-field q, dependence, the

results are also applicable to the imag;rig of bubbles. For example, if it

desired to resolve the virtual snurces of the p = 0 and 1 rays in Fig. 2,

the aperture of the imaging system should have an angular width > Q It

is easier to resolve the p r 0 and 2' virtual sources since the angular

width requirements are reduced to Qf. Resolution of identifiable virtual

sources reveals the size of a baibble.

Fine structure in the far-field scattering, siich as that shown in Fig. 5(b),

arises from the interference of widely spaced rays. C)nseq~ieILIy the positions

of the maxima will be quite sensitive to changes in the bubble's shape.. That

part of the coarse structure due to the interference ol 1) - 0 and 1 rays

will also depend on the shape but more weakly. As is the case for drops [19],

these shape dependences may be useful for detecting mochanical resonances.

Scattered intensities for bubbles in water rp;rpk)rted to be fror' ýie theory

have been used in a study of cavitation naclei [lJ1. Comparison of our M1ie

results and model of the coarse structure (which ai-e consistent for the az it.

question) with those in [17], show that the latter err significantly. Plot.s

in [17] ;:redict coarse maxima at 4 = I00') for (, = 5 imn and ,iJ = 120'"' or

(I = 7.5 pm which are not present in our Mie comnputations. We cannot find any

physical justification for coarse maxima at these j', for x near 100.

We are grateful to W. J. Wiscombe for providing the initial con!outer

program from which the program used here itas derived, This iesear'ci1 was

supported in part by the W;-shington St.te University Research and Arts

Committee and by the Office of Naval Research. P. L. Marston is an Alfred

P. Sloan Research Fellow.
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Figure Captions

Fig. 1 Scattering efficiency from Mie theory as a function of the size

parameter x . The solid curve is for droDs and the dashedcurve is fnr

bubbles.

Fig. 2 Ray paths for a bubble with m = 3/4 . The number of internal

chords p is given a prime if the ray enters the hubble below the center-

line.

Fig. 3 Logarithmn (base 10) of the normalized scattered intensity pre-

dicted by the theory (solid curve) tor x 1 100. The dashed curve is the

physical-optics approximation [6] of the coarse structure.

Fig. 4 Like Figure 3 but with a linear s'ale and x 1 10 000.

Fig. 5 Photographs of far-field scatterincj for (a) the bubble r-IdiuS

,I - 480 'Lxr (x - 6360, 1 .80) and j = 2; (b) 330 ;i (., 43 0, 2

and j - I . The critical scattering angle .lc is near the left cdge of tne

photograph; ) decreases from left to right. Coarse structure is manifest

as broad vertical bands. The rings are artifacts.

Fig. 6 NormaliZed Mie backscattering from a .pherical air bubble in water

(On 3/4) plotted as 3 function of the size paraneter x; for green li(,ht,

az ;200 nin.

Fig. 7 Normalized Mie near-backscattering (a) and near-forward scatLering

(b) for m = 3/4 and x = 3040. For clarity, the coMIputed I (2) was multiplied

by two in (a) before ploLting. The inserts illustrate sumie of the sicnificant

rays.
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.ý25 mrad. The cO;ffae'tirtn ciculciiic-.i 'iicc iwtprcxi:rnctc' Icr>iptionit if' ~i( relative +~ of the
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Fuirthiermore, the inea.urenients (if lit, o- ition (it t to i i ngle-s of' thv int eiisil 'v ma~ximai and mintimai, protvided the
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tions ill thei fire'sii *ipp;11ltit. FlT'ci', imlud ill( fIii tlli,,illig
feattitres: (i) the aipfititit(iti oflilt- riniging, (it the iiittrisif, (it 'thel( jihlfgraqIis llicý, rilttd litre were taken in thre Ithttri-
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of dcayot he ntesit fo o'~ I,(iv th rug o riihiicr think (iii- I fepartituirnt of Astronitrv of the I IiiversitV of'
which EqI. (30ft mdlv lie used, and (V) qo1;Int if :1 '- tCion- Wjisliiirg till, e-specially E.. Mniu-rv, forIIt( Liuse, andi operaifion
ments oft the interference, pihenotmeitm desc-idw~ ,I -et-. ofil the stilmiotii tniirlttlesitomti(-tr. Ack rowledtgermillo is
IInfbrtuiuatel 'Y, (the lirgi-iest of lthi bnubble raldii nitki': it injite toi llie D onors ofl lilt, Petrole~lum lIesicwrth lun lla-

iinpriActicuil to tilitilite tihe Mitsct-iti'rtiig. minitistunr-il lv tilh- Aneicrotti Chemicial Society, andri to flilt

A bref dscissio of hisuse if llt-phv-ical ;,p ifl Naval ke:,vachiil for pinrial :lippOrt of this rv.

proxinhiation its Ili tirder. Siurfuete wttve ii'iriei do not

theyaru'nout needitI foraiinhhlr~iif ul'titi thio uem f~,

oberaios \%iuiirn-iic fitit can heirti livudc illtle- the litifie tt

scaitteriing, f'riti t i-vitY)- "~' A* omiqieri-icti miti f i i-ruii. i?.,1cIifii i uiM
ini Fig. to. hasnt littoft-ii rl'rtit 14fi-itiuI i o iitlictiiltu Ct Il Owr 11i1 ti 1%' .0ci 101 c tIll itt i c-,lwitctid (itf ci 'mil

nature tifl jrcihi-tci statfti-ring airritihfui-c' I( E el , 18 t. ii I'rikii, 'iiii'cricfi'c Phil Smc ý, :V21 *tIi2 I I Si.N
(4.92) anil I11f. f)l; ittifc-il, the ttfs'eitf aitfolluc hs lienr twirtlife It1 ;tt Vii ll I hit-i. 1,wi't .';c, attriii4ti h\iiiI Small ii Part. 1cipi'jf%, N~t,

to deteirminie if'i the inrig is ictul~isif't with thocse euunplit kide~s. 'I I I Net-vvi, "cei 'Ilit,' I teivirv lit thie rmiiiuiiw. ;e-I Am 236~, No
A seconrd sholetite iniri iflit titfifeprtixilicifions ;trvne'si'if'l i '19,i p
Sees. I Ill is that tILI uirvntttire offtlie buibible ti rli~gonaiaf)t 'N' tktimer .11 ft Ne. \it,---i ri.cvt.e~ 'I "Tuiorv o Ii ic~ itiitiiccw,"f'tus'

the plane ott svaiftinjg is oroiticil uiitil Eq,] Itt where, it.! li(vy. I oi l c, i

geomnetric tiff'*it is inclurded ill the al. factoir. I f. c ~ii~ccIi- 'is/elfi sStfg~,\c Ii
osprinitvir \'cii p, t ii 7

Dif'fractiotn iny havt at nmtjitr effect (Iiith fbi r fijllj '11 Nt; R, F~twtt /Ivlritnodn, fi,,c. tiAbc'lrmi iipc .!ilt (.(I. t(Holt, New~
'icck, 19:.,_Sc,, Ioi.peaane if fit'irtiilti~li s:tt~iit2for Ictletlesin wifer Al SVIuI .fflibc ccii ,.-fii'ilc Il t., t'ecimicceic Alr'iiiimi.cs

ihluminaoeed li) tiilhimiiufes whlie light. I 'et cje, eiiid /c, ' denotte i NIm milc r if N-~ Y'irk-. 19t77i \fici'uiulup9A
respectively 0h, for violit andi fur redf light. 'lThu dispiersion of itt 'Si-i for e-c.ciiiipti ret, . 1,'tutu
water and EqIs t 1) anid t 2) give: 0/, -- c,- 17 inrutut ci-in If1) C' Mnlfuu-iril ainde L. 1). Ssvlek, "Ptrcciuii- hciof tir icihubilufis l'i

-fitithitif Ct hulri. Eutlgrug Scl :12, 110 11f PIfli'iuequiently the geomtrnefical sciittering (Ft:.i IS oif Rl'.f 1)I, as sui-i I-f. W. (;iccliriir, /ntididr, iti ll ,ucicrii-r i)~e I-c tNftruie Ifll. Sai
throtugh ai fhstel itc~, shotuldllueitur blidhusl ili lilt regitir (Jc,." ý filint-is, luthist Chl).
< 0 < 0" It is eviidenit, however, fromn Fig. .5 that diflfractioin I~tvc f2.! Sit 7.

snituriiig tif' ftie ittlivrwise uhrunitt ulangui- iniitetisiy fir i NI. F NIt~v~irt, 'Tr:'!- I)'Itcpide' \'ilf, I (Gt(;iihiier \ciffirs (it Vits,

motiochromenicr i illiminintitun will teint h. redute signifiitualityv 1'ur, f11 c'u 6 it, 5-,- di- v.Iti -c,110111I41o u
the cntttrutiiti predicteuudygelere memrt In tf1 ficlr/i ci h ceicll'u--clii.cirirncuiuWt u~-i

'IThis woirk waiis iiitivtiftchv tic.' ini rip -igitititi ott' oftica I'' I Nf;licctclit andi It. E- Apcil-. "A(u-ici-.tical tiffy d toi-i-il olstctiffi

mnethodtus fori nittsuurihig I Ill, rifri tfivc' iidlx(t'\ e stijierttitI iii Scc 1 i 0 iirii.rtcr ifriu fecfi4 1i ute,97i9)euftrf-ntc
liquidi (dropsi sitsfieiiii inl iiiinisi-ildcf Itit liqtiiuls, At stitfi 1TI. 1. Nhcrici imid IR E. Atfif, '(cuadirtuicife .- rsonairii tif dropc~s
ciently high filhufitnifiris, sit-ic (Imipcs firvicuititk l imvi ni, (iiiu ittlilv iiiidciltudilticilsi ii ruifeiticuti fnssitri e'xptrire'ntsil
ni,, iind] tliicvshtiild exhribit citni-al ittiuf sctatti-rilig hltltiiilniie'iii furicfii-rvftt's, tiiiiv iiitilelii-iti
Mimilar to th~it dwibetn diu fortiiifc-. ceifictht liev, ilt.c thig 111 dlI N4 i-- athiv-i I'li\ , rtiit), o- 8.! 1.1 'rrr t1 (i tr!i)f;ic
tiitctivi-e critical anituvt ni-if fring pit-the ti-c liv ii-uttutric- iefli-s 'PItt %-ri ' "ilti /cni,m kI 5.! cicia PH It'"..%ith 'ls
is alterredh b(liv lf raction tc cz may Ilie inift-tri-i frioii fh lit iltis tvt ful f6.0' pti .
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errata

In the caption to Fig., 3 of our ;raper,l v - s- ,, hould be
written n = ¢,. - 0, which is the definition of q given in the text
of our paper. In the line below lEq. (05), ill , (8/nalli 2 cos 0,
should be written as il - (8 /na)/"/cos I,. Alo•, I he top line
of the right-hand column on page 194 should be written as

",e. error frol using Fq. (22) . . ."
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Scattering by a bubble in water near the critical angle:

interference effects

Philip L. Marston

Dwight L. Kingsbury

A physival-otc app1 ' ilroximlat ion is detriv'ed for tight sciattering 1)ly\ diielect ni' spheres wit li ref rait ik indict's less, Oihn
their silrriluniinigsi, arid it is appiicdl tol air liihuhiis ili Wilt ir. 'I he ipproximait ion givets ilit' coairse itnilctilire il I hi'

scalif trilg Whein tir scatteiring aiiglie q, is near thlit criticalt scaittlring anijlet', i/, Where J), - 83" fur mblviithi in wilter.
I iff'ractiun hats been oblservedi to lbe impourtant in I hi'v' critica reýgion llt'imiist' of im iltll t chiiiigi in the amplituide
iii' the rlefle'ed Wave 11. L.. Maurstuii, J. ()pt. Xioc. Ain. 69, 1205 12 11 19f8M]. Innerfirenci- thatl is dIiii' ii a refraultei
wavi protducees lsi i'I lilt ions inl thev jiifi'sit%' Witlli air utrigullur qitiisi -Ijeriodi of' nringnit iiie tA/ut' "' rail iwar o,. where
N is t i'e witvi'engthI and a is the( radiuis. Unli ke d if'frmai'tjn related wo hlat ions, the interfervitie iwi'illit imiis inl-
creainte ini fiiagiitud iiiiks liirwiiri scat terilig is appln~roachedl. ptcivii tfunnieling t hroaugh Ituilihie(s is itlsii isi'isseil.

INTRODU CTION nd icift ed withI a prime, The angle of' incidence mealsurztd

Ali pprximte escipton f' he sattrin oligh li lage roti the surf'ace normatl is fl,,, and the coirrespoinding ref'rttcted
An upprximte escipton f te stttterng f hht y lrge ingle is pp1 . Rttys wit hi p ol 0 have Op II,.

clielect nc spheres may he obltained(1 rtit ray opt h's, provided , l'lie previous iphysical-ltpti('s atpprioximat ioin dlescribied the

front dhef sr~at ton ido nanglsnt) in ith ordgionr iasehinh which dill rae nion if' the virtual wave f'ri nt ass ciiatted withI t he 1) =
heon reffractio isdmnn)Iiteodiayvsi hc ray only. It was shown that difTractiiin is imiport ant in I he

ftrfrcive index of' the sphere exceeds that of' the su- region Jolt - fi, I -, f ŽcZ )1 rads, where a is thle sp~here riadius
rinindings, f'trward scatttering, the rainbow, and the glory atre' and X is the- wavelength in the outer miedial; ciliisequtentfy,
the regions in which diffraction is important,' : In thle less dfrciniipratna~,ee lXaiqienal h
exipllrevl case clif it phere whorse refractive index is less than dipfrestnt papn shos imothant n her intev feen cef tha t is ite sidue 'tofll
t hie s u rrtoun d ings, it new region tappeiars in which di f'frlct iol 1) resen tlterd show thmduatio I the s ier' elce attee ines il du t11h
is imptortaint.' This region ruty hie citlled the critical sincalt'las i iiuitonif h-cterditniyli
tiring re'gionbeaht(tuse it, is iassociaited with light reflected friint
the sphberte's suirface when its iangl Ic i' i tiide ove is clo ste toi t he'P 2

cr it i cil anI rg Icno rtialv aI,'issociated with tobl~l reflect io n f'roi IT 4) // /
platnte st rtttcem. IDi ff'ratct iton effects in this reg ionI hatvte bee iit
obihservedt itnd (lescri bed witha 1)ithys4iit -ol~)ti('s tippi l~ xi mtittioi a.1

V ''fT'w purpose ofl' t his patper is tit (Iliscuss thle effect of' flt'h in -
tI erferencet iof' I hel reflected wave wit 1i vt'rt it ini rays t [lilt f lenet'~

Iriatet the sphere and are ref~ritted to atngle's in thle viciiiit 'v of' -, 2'
th'en crt icaii Rsc1tttrerintg reg ion. T h I is i nft'rf'erm ic't lteids toI it/
ini d if'ivt'ii on of' the previous mode l- thfat ble'o mes sign ifivitnt
in t fit' critical region when an air buibble in witter hits it radius

ILett t hie scat tte ring a ngl It' i denoi te t he itng~le' iof' the disltan t
ibse rvitfion po int m~easu red w itti respec't tonfthe di rection oi f' T
p ropaigattio n of' the incide t, ptante watve f ind thlet sphe'rt's
cetnt er. 'The critical mca.!"rlnug atngle is ru n - 201,, whe('r

0,= itrcsit (n I) is t~he crit ical aingle of' inlcidence and o 2i

n/tifl) > 1,na,, fitnd n, being, req pectively, the ref'ractive indices
utI t lie ouhter and] the inner nmediai. Air bubbles in wiater have'-" i

I) 4/31 and 0, -- 82.820. Figure I illust rates severuil rays
bItht have it deviatiton angle il rif' 50* Eaichi nit ' is chiariacterizedI i. liaY patlis in thlie siaittierinrg iiluin t'Wilfir a si'it t tri rig mitrgh o''

1) a v it prrnictcer p. where 1) - I is thte nurnhier ilf reflect ions Frtt*,' lT'e wiibuiitr giv's I lic rily tlirilrier pi Theii tasleul mI is
f'niim frlit' internail siurfalce andi( 1) = I) has only finl externail ri'- flri'uirwar sciatterirng thut is (Iii ii to ifunnelinig l'riuii t hi ri'liU'ti'u rn~ay i

Ilvcfii a. Ratys that ent~ei' t he bubbleit heir w the centier linem are' is iii si'issvdill Sec 1i .

HI;rer inledii frior *Jorn al Iotf t hie Optitcal SI Nie(., oft Amer'ica,
Vol. 71. page 192, Fe'i'hiiir'.v t1t8i

Co'i~vrigirt (c) 1981l l~ iv flu' Iit., soiii iicev uf Arrr'ricarn mdritininnit'i hi pr ision if t flt' cuipynighrt ownri
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I'l functionl of p. Tlhe I) -2 2 rays will be innit ted since they lead
to virtual wave fronts much smaller in amplitude than the 1)

0 aid 1) = I wave fronts. rhe p = 2' ray lead-, to at super-
posed low -amlplit tde modulation of' the scattered intensity O
with an angular period Tý A(X/a), where a/A is the Ititeral
separat ion of rays 0 and 2' after emergence f'romi the sphere.
For anl air bubble in water, ray tracinil, gives A (1 .82 with (h

fiii, whereas observations close to iih, (Sec,. V of'Ref. 4) gave /.
A = 0.76 ± 0.04. The angular period of this modulation is 2.Pitii h itiulaetotsorp=(mil,=

« /o when a >> X. The emphasis otf the present p~aper mi. tt erilg. The dashedr ' v im thle incident crt ical rav Iltita is I (Itlectedis onl the coarse structure in the scattering; consequently, to become the I, oxis. A polrtion ot the tbubble's siirl'act, is also
p~rinted rays are omnitted. Mie-thieory rosult.s4' (tolbe l)uli)lished s~hown.
separately) substantiate these approximations in the region

(p-400) < i/i < 4, for If 4M. III',u~) h explit- hi',, - Wt fl!.

1. DESCRIPTION OF THE VIRTUAL WAVE where I =\~ w is the frequency, u s the time, and hi
FRONTS 27r/X. 'lh-, exp( - iwt ) f'actor will be omnitted subsequently.

l~ifracionand ntefernceeffets n te sctteingare Ray tracing and the physical-optics approximation give the
tmodeled by first using ray omtics to describe virtual wave folwnam itdfcorI
f'ronts positioned within the si Fitterer. These wave fronts areh j (0)It<0(4then allowed to diffract to th# far field. Fortunately, it is not h .r n) ) 4
necessary to express the exact amplitude and phase of the 11 o= it'u > 0t. (5)
wave fronts .in termisof(Cartesiin coordiniates. TIhis is because
apiproximate dependences, (cir ived below, justif'y thte use of h , i14 t < 0), (6) 4
bhe statit onary- phase approxin a. ion inl the (diffraction inte- It=~ I - r (f)1)21 ~Ji U > t0, (7)

g raIs.
Figure 2 illustrates Cartesian coordinates usedl in th-e de- where the r, are Fresnel's amplitude -reflection k efficients

script ion of v~rtual wave fronts in the scattering plane. Trhe. for a plane surface,"1
origin is chosen to be the point where the ref'lected ray with i,-f)
it, = it, contacts the sphere. The positive I' axis is the path r, (f00)= (8)
of' the scattered critical ray predicted by ray optics. The snp,4
positions of the virtual wave f'ronts associated with rays 0 and r() tan(O, -p

I aire denoted by the funct ions L',(tA ) and I, i to), where t he it t anY,, + fII,)
axis is perpendicular to the t, axis and lies inl the scattering aind pp, is the ref'raction angle predicted by Snell's law,plane, P1hase shifts of'ray 0 that tire due to reflect ion beyondI
the critical tingle are not included in I,() but aire accounted for PI, = arcsin(ri sin 0I,,). (it))Jwith it separate pihase f'actor in the description (if the ittipli- The Stokes symmetry relations have been used in the tiert -title, The ref'erence Phiase is selected such that vo(t)) = 0, vation tif Eq. (7), where 1) is Van (Ie Holst's divergence faictor,'

lTaYlor series f'or vois'

ber o toci s 0 )I llm l'a bir sris f ir'~ ii y 1 ' is I he sca tte rinfg it ngle of t he p =I ray lired i ct ed by ra y op)-
oltitai ned by i tic hIt d 111 g eff~ect s of're f'ritt ioi Iin it id t tie ,-hi nt ge in its
velicity wi th in lie sphde re; lie lead inig t ermi is

ii '/~o (2 ' = 
2
(t), - 01, 112)

Thel4eresul Iing~wave f'r t s itre shiwn in Fitg. 2. 'I hecitlco laitt an~ d I, is a poi slitive co nst ant no r maliziao tio tact or det erminted
Sill i5C9uc nt ly.olf the intt erfe rence iif'wives (li tic I uses t he exactt patti- letigth I Th I'ie liase shihts" (5, are assiociatted with t he ( neatr ly) totaildiffe retice that is noit easil e v l exressed as a it Oictii n iif' 11. reflect ioti iifray t) as (Io emceeds f.(lit tinneIi ng thIiriough IilargeF~ffedts iif wave-fri nt citrvatuI re o rthoi gionalI to t he scittie ring hibit Ies call bile tieglect ed; see Sec. 4)

platte will lie iappriixitiiited with normitlizatio iiltfctors tii heI ~ ~ititri duced sutbsequtentltyf tittii'i/2) =(sin' 1-' -il 2lisf).13
lii the idesc-riptio~n o't he scattering, it is otid v iiect'ssiiry toi tiititi2) = Ita (lan~/2).(4I i-ii~~cnsider two cases with Iiirthoigomili iticident plairizattions,

since the general catse may hie obtained by t litnear cniitilina- TIhe k, vatiish whetiIto1 = 0, , bitt t hey become puosit yve its O
tion.' Th'e stiliscriit j is aIssigned the vatltie I when the itici- exceeds 0l,, which represents ati iidvrcinti~i',i t of t he p 1)
detit ele~ctric vector is vntirely perpietdiiulailr to the scattterinig virtual watve f'riou-t (Th'e reader is catutionted thlit soime alt-

pliie ndthev~lii 2whei etielypaalll.Waves scattered thiirs write (ý ttit k,~ with an iticiorrec-t sign fuor t heir ihiiice of,
toi the litr field assiiciattct with p) 0 atndf ) = I rays may 1w' the Sign t iif in the tinie-depetidetice f'actorý))
simiilatted iy at witve oit il( t aeo~xis~ with the le ollowitig ttnlili- Alilrilxinie felietitht',iiv iif o~,il stmiall vatlies, of, 11 is
tulde: olitatitei by first relatitig f0,, tii it foru - )) and 0,, -fo. 'lThis
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leads to the following proportionalities: I - h,,,, (-u/a)0I wave. Consequently, the error from using Eq. (23) in the total
for u < 0, ,'t 1 (u/,j): - for u > 0, and ,seattering should be acceptable even if q is small.

(15) The scattered intensity normalized to that ofthe geometric
%v h = Iresult for a perfecttly reflecting sphere of the same size is

wherel = (8/n1''! c'os Il and f! = a-. ,1 = 1,2 Igo," +gj 2 , (24)

where the normalization was ohtained by noting that Ig., I -
2. FAR-FIELD DIFFRACTION AND '2 as .. .. The actual intensity is the incident intensity
INTERFERENCE OF THE SCATTERED WAVES multiplied byh7 ,(a/R) 2-/4. The value of'K in Eq. (7) is deter-

Let I? denote the distance to the observation point from the mined to he 2 by noting that only then does g ,, become the

center of the bubble. When R >> kn 2, the scattering ampli- value predicted by ray optics. Because of the interference
tude is proportional to the Fourier transform of u1.' + 1 oJ. f the g4 j, the intensity is sensitive to the computation of (y,),j
which may he written as f = Jo., + f',,, where - -y ,1). Comparisons with Mie theory have shown that the

phase difference given by Eqs. (19) and (23) is limited in its
/f, (sin l7) = I (,,lu) expt- iku sin ,7)dn (16) usefulness because of errors introduced by Eqs. (1), (2), and

J __(15). The agreement with Mie theory is significantly im-

and r- 4,. - 4), An approximation for fo,ý with ri> 0, which proved when (-yo,) - 5y I.,) is taken to be the exact value pre-
was introduced in i;ef. 4, is to let 1!,,, = 0 for u < 0 because dieted by ray optics' 7:
1!j,, decreases abruptly as u becomes negative. It is not clear yo,) - ytl.j = 2ka(cos 0• - cos0o - n - cos pi) - 5 (0,),
if ray optics can be used to model the virtual wave in the region
in which I•ahj/,u is large; however, its use leads to the dif-
fraction of reflected energy away from the critical region and where 0o, is predicted by ray optics to be
supports the app~roximation (J0 , (u < 0)) =- 'Most of the

diffracted p = 0 wave in the critical region comes from the fIo = (7r - 4))/2 = 0,. + (r0/2), (26)

virtual wave, where u is small and positive, and an approxi- To evaluate Eqs. (22) and (25) for a given value of (/, it is
mate result is obtained by using Eqs. (1) and (15) in the entire necessary to soly- the transcendental Eqs. (it)) and (12) for

p)ositive u domain. The integral may be approximated by fl, and Pi. The evaluation of Eq. (24) requires the evaluation
using the principle of stationary phase"' with the result. that of Eqs. (7)- (14), (17), (18), (22), (25), and (26).
Jo,: = (Xa cos 0.t'•/ g,:,/2, where t ''

g -j TM expuiy,,) IF(0) - P'(- -)1, (17)
3. DISCUSSIONa,= [(a/X)cos f0, ]/2 sin tr, (18)
Figure'- 3-6 illustrate the result of three approximations for

0,= - 0v ('/2)l/2(Xa cos fl, I/I + h (sin t/)"+ (19) the scattered intensity for an air bubble in water normalized
41• to the ray-.ptics value for a perfectly reflecting sphere. In

whei c the first term of Eq. (19) is the phase shift of the geo- each figure, a = 4/3. The ray-optics result for a uI)hble is
metric ray reflected to (h and "(Fo) is Fresnel's integral, equal tol I + 2h , ,2 when 1 -a 0 and rj (0,))2 when r < (. It ex-

hibits a cusp at the critical angle, which is also evident in the
F010) = exp[tilr/2)Z2jdz, (20) ray-optics predictions plotted by l)avis7 and by Welf'ord.' 2Jo 'The predictions for the diffraction-only model devel)ped in

Wihen the observation point is in the critical region, Eq (2) Ref. 4 are given by 1•g,., 1 2/2. The present model must even-
may he used in the evaluation off [.,: tually break down in the region where i? < 0 because of the

f J.= f h,, expl- ilku sin 1 + (hoU2 /2)jldo. (21) 2 ko 10 000

The phase of the complex exporeiit ial is stationary when it
1 17, where U - a cos 0, sin r7. Since h I., is a slowly varying

function of u, the statiknary-phase approximation may be
used to evaluate Eq. (21) provided that U is well within the 1i I
domain of' integration.'" The result is f, (,a cos 0, )1//

,/2, where

gi, = 2h I,(0f)exp + 7',JI + O(X/)G\ 2 , (22)

h(sin 11)
2  -5 7 5 70 15

rL~ 1.1 (23) 77 DEGREES
2(y Fig. 3. ', Three apl)roxi itions 'r s atter ed i ntete jiltensityt v* qa funcjtion

In Eq. (22) the stationary-phase point that is used in the of r/= o - A with n = 4i/t, the electric' field ierlendic'uhr to the
evaluation of hl,, corresponds to the 01 given by Eqs. (10) and scattering plane, kill( hac = 10,000. The dashed curve is the result of

rav hlolics, which aldts the intenrit is oft) = 0) and p = I scatt'ering.
(12). The use of the stationary-phase approximation breaks The dhotted ceurve is the diffracted p = it wave unly and is tfrm Eq.

down as t/--- 0, since U -- 0; however, this is just where hl.j * t17). The solid curve is given hy Eq. (2,4), which inc'id,,"s the (ill
0, and the scattering is domirated by the diffracted p = It traction (it the p = I wmve andl the interference oft he p 1 %w-ve.
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2 ko 10 000 cit 6:12.S rim and a wavelength in water X -474.6 rim. Tlhen

ho =I10 000 gives ai = (0.755 min. When meaisuring thle scat -
Se r ing refract io n co rrect ionis moay be req ui red toe relIat tc1he
sc-attering angle in Ili waer0nE1 to that seen fly anl external iii-
st rniment.'

- - '1The diffraction-einly theory-' p~redicted oiscillations- in the
2 I ~intensity t hat are homologious with respect to hubble size.

podarization, and refractive index. rhey decrease mono-

tonicEES in Uantd ast nrae n have an angular
quas-pei(KI(,\a) 12 rd, Fgur:1 sowsthat, for j = I and

ka =10,00,intrfeenc alersthescattering significanitly
-5 05 1 15 foril ý 1'. fte th fO rth mxi un, the oiscillatioins in -

71 DGRES cvas illmagitue. t isnotworhy hatthe quasi.-)erield
F'ig,. I. Samne as F ig. 3 hotl with parallel polari rznitn oft hie newly predicted oscillation is alsi riough ly (X/n ) '/'- radl

Las may he shown by Eqs. (1) and (2)1. Figures, 4 -0 show that
the effect of interference is even larger forj = 2 and for ka

3ý1000,(1 Tlhe intensity averaged over a quasi -period is roughly
hie ray-optics resuilt. Consequently, for large spherical

ka 1000 bubbles in white light, thle ray-optics results are useful e'Xcep't
whien it, < 2.5, where diffractioin correctioins become essential
(Ov 2.5 corresponds to I~ = 4.40 at ka =10,M)( and 17 = 14.10

2r at hau= 10010.)
Tlhe experimental data pilotted in WEf 4 were for ho ý-1(

-. 930 and j = 2. A comparison of Fig. 4 with those data indi-
cates that it is not surprising that the diffraction-only model

4- .. .correctly described the retative positions of' the first four
maxima hut that it underestimated the magnitude of the inl-
tenisity oescillatioins foir Y7 > 10. A new apparatus has been built
that permits ohservations in the region n > 70, which wats
obelscuired in the original-' appa ratus. Visual observations 6 ir
air bubbles with at -- I mm in monochriomat ic light suggest

-5 0 10 20 30 that t he omagnit ude of' the intensity oscillations tends, to inl-
77 DEGREES crease with increasing q~ hut, as of' the time of' this writing.

F'ig. 5. Samje as F'ig. 3t hiut with ha 1000It. photoigraphs f a quial ity to permit quant iitative measurements
have inot b een ob t a ined. Tlhese e bse rvi t ions precedledl and
motivaitedl the piresent theoretical effort.

Tlhe intensities given by Eq. (24) have bteen colmpared wit h
Mie t heorvI''1' with n = 4/3 and ha =25, 100(, 100011, 500((, aind

is appjroiximately described by Eq. (24). Errors in hjirdcedi l'hprimuiin efomduigWsone-s

' ~ ~ ice looat ions if inrtenrsity o scillat ionis are typically less t han
cowtictii h c'i~i a 4 nsi - irid ,i Furltherimoire, thle phase (lifter -
ence of' the scattering ampilitudles Icir the two polarizat iotis
given itli Eq. (28)1 (eliiw) repiroduces thle con rse sIruct ore iii

-~~ the M ie results. Equation (2-1) differs most fromn the cioatrse

/ , part toi its omission ot the p) = 2 wave, which has a smaller
amplituode for)j = I than fur j = 2. For exalmple, at q7 :110'

thle intenisit ies of 1) 2, scattering in the units of Figs.3 :0, ac,
given liv ray opici ds'ý ti be (1.0)12 anrdI 0.0115, resliect ivelN..

Equal ion (21) does not describe finei srtoiciire' in the Miv

F~ig. 6.saivi, Fig.w bu(t .it h piarallel iciriziticci intensities which is, moist lirimijilnt when i =I. Th'is struc
toire has i qpiisi-pieriod -AWa(orad (0,l30 fur Jut= 10010),
Which iindiiates that it ciiuld lie inducItlled iin the tltiidel withl the

assumptioin that I ' o,, (ii < (. Ini the figures, the mioidel addititon of1) =i 2' scatttering. kay' optics verifies that t lie
hils lbeen extended intui that region by evaltiatirig Eq. (2411 with ampjlitiude of 2'scattering in the critical region is largest whenl
,Q 11q < o) = 0. Fresriel's integral I"OO wits evaluanted with J = 1. Except tor the line* st rocture, th? NlMu initensit ies del
at numerical apipreexiliatiein.1' cen, sf radui all v as 171 decreaises thrIt r igh zero . 'I'( he(rro r iii Ec.

''llh, hobble sizes in thbesetfigures ,ere maiti lst biy conted- (24), with j inegat ive., tgejerallY idecriases with it asdeittraut ii i
ering illuminatijon bYit VV-1 Ne laser w0ith a w.i\ elenglth iii air bicoimeis mjore ituiiiortatit.

............................................................ . .
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Ilitp at ion 2-1)1 nmY be co n vert cclI th klle nit scc 1111 tfl Iy I tlsic when 0o= ) anid it dc'c'ritz scs rap idly ats (Icit xc'Xecds Vi,

in Mliv algorrithmcs I hrotigh the( t'ollowing transtccrcnat ion: Tiucnneling should hacve ia negligible' cited on t hie reflectioni

(ka 1, /Ifrom at bubble unless ka is small. This iconclusion is also
(27 suppo rteid by the siccess olclihe present nmo del ill rep rod(1uc in

I'h iiaeiiIt i ieowhere S, are I hie scat tering ampilit udes inl the usuial units. [ixi1 M ie result s" when hat = 25,

Thean S2 , is neveded if the scatter in We are gratefutl tic It. G . Olsen (o r his comnnmen ts onl tuin -
c 0r arTi)t rar ' vstalteis cf it( t ienc ident po l a riza tion is to he cIn- ccli ng. AckIino wledgement is made to tthe fi illowi ng i rgaiin

culavd-,"ýThe ham di~ereiveis reditedto ei at ions t',r partial support of this research: the docnors cit the
arg(Sý,) - argtS 1) = argtg.,2 + g 1,2) - arg(gcr, + g 1. 1 Petroleum Research Fuind, administered hy the American

(28) Chemical Society; the Washington State U~niversity Researc'h
whee og eniit s he 'ci~pex rguen ci th qantit) ~ and Arts (Committee; and the U .S. Office oit Naval Re-

di caied . The presi'nt cal ci lat io n uses lin c-x p1- i wt ) tii m' serh
tact or, whireais thle S, aire t't en,l-" hut not always,"; spicifitetd

by using cxlii + iw )f , sci the right -hand side of' Eq. (28) shoiutld REFERENCES
be mult iplied icy - I lcir soimei apllicl~lcc ions. I I1. uC, vanid Hulst. Lighti Si'cuttiriig by Small l'artii'f's il,
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Mile scattering near the critical angle of bubbles in water

D~wighit L. Kingshiir-

Pliflip L. Mairston*
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SUPPLEMENT TO PAPER NO. 4

This supplement compares unpublished Mie computations (solid curve)

with the physical-optics model from Paper 3 (dashed curve). The refrac-

tive index ratio isni/n = 0.75. The notation is as in Papers 3 and 4
1 0

except in Figures S1 and S2 we give thE total normalized scattering

Iu (II + 12) /2 for the case of unpolarized incident light. For Figures

S3 - S5, scattering for the same ka but for the orthogonal polarization

is given in Paper No. 4; the associated figure from that paper is noted

in parenthesis.

FIGURE CAPTIONS FOR SUPPLEMENT

Fig. S1 Log (base 10) of I for ka = 25.

Fig. S2 Log (base 10) of Iu for ka = 100.

Fig. 53 I1 for ka = 100 (see Fig. 3b).

Fig. S4 12 for ka = 1000 (see Fig. 3a).

Fig. S5 I1 for ka = 10000 (see Fig. 2a). See also Fig. 4 of Paper

1 for p from 75' to 850.

Fig. S6 Phase difference for scattering amplitudes (as in Fig. 5a,5b)

for ka = 25. Note that the model does not give the fine

structure present in the Mie result,
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Paper No. 5

Scattering by bubbles in glass: Mie theory and physical optics
approximation (D. L. Kingsbury and P. L. Marston) Applied
Optics, 2348-2350 (1981).
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R~eI) rinht I Iroiln AI'l LIEl)O IIl'l('"S, VoI, 20J, p~age 234St, -h lly. 15, 1l9S I
',lyri IlI1 (c) 198 l hY eho (0[li0 l :,IS cietly tl' Ain ricil and rpl~rin1h4(l ed ry permissidn f Ihe h tIq4v,'lright o(w n r

Scattering by bubbles In glass: Mle theory and assume the glass has a refractive index of 1,46, as does the glassphysical optics approximation used in the cladding and outermost core layer of a typical
optical fiber preform. (In the resultant fiber a bubble trapped

Dwight L. Kingsbury and Philip L. Marston at the core -cladding interface is broken up into a sequence of

When this work was done both authors were with Wash- much smaller bubbles elongated in the direction the fiber is
ington State University, Physics Department, Pullman, drawn.') We take the bubble gas to be air, so that the relative
Washington 99164; Dwight Kingsbury is now with Boeing refractive index n,/n,, f 0.685. A bubble is described by its
Commercial Airplane Company, P.O. Box 3707, Seattle, size parameter ha, where k = 2ir/*, A is the wavelength of the
Washington 98124. light in the glass, and a is the bubble radius. Here we con-
Received 14 ,January 1981. sider bubbles with size parameters 5, 25, and 100. For X =
0003-6935/81/142348-0:1$00.50/0. 0.43 jzn (which corresponds to 632.8 nm in air for visual in-
(C) 1981 Optical Society of America, spection) ha = I(X) gives a = 6.9 pm; ha = 5 gives a - 0.35

Mm. For A = 0.56 /Am (0.82 um in air, a typical operating
One of the causes of light scattering in glass is the pres- condition of fibers) ha = 100 gives a = 8.9 gim.

ence of small gas bubbles. In critical applications such as If the bubble is illuminated by a collimated light beam, the
optical fibers this scattering is not negligible; a microbubble
trapped at the core-cladding interface may scatter a signifi-
cant fraction of the light in the fiber.' Here we use Mie theory 4...-
and physical optics to describe the main features of bubble t
scattering in glass. We anticipate that these results will be
useful for the detection of bubbles in quality control appli- 0 2.
cations. 0

We are unaware of prior publication of the Mie intensity J 0
for 0 180o scattering from bubbles in any dielectric. Struc- .
ture in the Mie scattering from bubbles can be related to dif-
fraction and interferenoe near the critical scattering angle and -2. I M P

to the Brewster null in the reflectivity of parallel polarized
light. For scattering from a sphere with a refractive index
which exceeds that ot the surroundings, the critical scattering
angle is Inot present; also, the effect of the Brewster angle is
less lpro1no1un(ced. -6..

We approximate the bubble shape ais a perfect sphere and 0. 30. 60. YO. 1 0. 1 'Io. 180,
SCATTERTLI NG ANGLE

-Fig. 2. Like Fig. I but with electric field parallel t( Ithe scattering
- plane (j = 2 scat tering).

2.

0
_j 4.

0.-

V. 0

0.

i . _30 . f,0 . q . I ,12, 113 0- . 18 0 .1;rAt T PI N(. A NGL 1.- -4.

Fig+. 1. Lougarithm (base I0o) )f the niormatlized suattered intensity'

predi tled hy M ie theory (Msoid curve) ( '4 r ti¢ = t1Oo iind the electric - ' ' ' I , . . .
field perpen(icular to the slattering p~lane. 'Ihe dashed curve is the 0. ho. WA. 1 A,. I1. 10.
physical opt1ics aplprlxi(iation given h, R(I. (24) of' Ref. :1 which is

Useful when scatteriig angleh is clohse to the critic4al 41'4 ttering lngle Fig. 3. Scat tering for h 1 25. Mie tlw, ryfý. r = I (d1 ttd' c urve
.94. 'T'he aplproxi iation fails to 4lescrihe lI Irward region (,I < and j = 2 Isolid curvet. lDashed curve is I1 from physical optic

20') and the hIackwhrd reg m GP (- 180°). alppIroximnation.
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angular (list t'ihut ion ol the scatteredl intensity is described by 2.

M ie theory.2 At a diStance,( I? >> h,1 f'rom the bubble (ent~er
and at scattering angle ifh, thle j -polarized scat~tered intensity -

is given by thle incident j -jidarized intensity multiplied by U
b p(ofl2/,where j = I dlenotes polarization of the elect nic 0 0

vector pierpendicular to the scattering plane, j = 2 the parallel - -

case. Tlhe normalizat~ion of' the fuinctrionS j(if)) is chosen so 1
thai t1, (ib)) relpresen ts pe rfect reflect ion accordli ng to gen- -2
metric optics.:1- Using at program (describied in Ref. 5 incor-
porating at modified version of the M IEVOi subrouItine (level- -3.
oped b~y Wiscoriile," we obtain the Ij(fip) functions showin in
Figs. 1-4. -4.

case st~ructure in the vicinity of' the critical scattering
angle 0,. may be understood with ref.orence, to at physical optics -~ 5..A .

appr'tximat ion (developed bly Marston.3.7  Most of the scat- 0. 90. bCA 0.- q01 N 20 AN0G130

teredl intensity in this region is (tlue to three typies of rays which SATHN NL

we (denote by thle. parameters p = 0,~ 1, 2, where p is the number Fig. 4. Like Fig. 3 liut with kt = 5.
otchiords wit binl thle bubble and the p = I) ray has only an ex-
ternal reflection.' When the local angle of incidence 0 satisfies
sinO ýt sin(), = a/an,, the p (10 ray is nearly:' totally reflected; angle oblservedilby at detector (fie to refraction of the scattered
h te abrupt boundary of total reflect~ion at, 0,. results in a far- light ats it leaves the glass and] enters the detector.9  'l'he coarse

field diffract ion put tern of' this ray. Rays with 0 < fl, are and line structures ptresent when ka Z 25 may be used to
mostly' transmit tedl inside thle bubble. Rays with p = I are obitain indepiendlenit estrimaljtes of'". Tlhat (diffraction is im-
retracted I wice and interfere with p = 0) rays in the region qji jortailt ait r/i, can be seen b~y comparing the Mie resuilts to the
< pwhere (p, = 7r' - 20.ý is the scattering angle of'rays inci- geometric predlictioni,' including only thep = 0 ray, thatI()
(dent ait 0(.. Marston's pihysical op~tic's approximation con- =I aind with the pihysical optics prediction that !j (qi. ) = 0).25;Isiders the diffraction and int~erference of' p = 0 and 1 rays, the Mie results lie much ('loser to the lacter than the
Small quasi-jperiodli( tine-structure variations ride onl the large former.
(luasi-hieriodlii coiarse -strlictu re variations andl are dlue mainly Thel resul t hatl scattering is best observed when fi !) q,.
to thle interterenie ot' certain neglected 1) = 2 rays (p = 2' rays (X/0)1/2 rad ('anl also bie uised in certain cases tor' sc'attering by
in the ii t at ion )' Re Isi :lanmd 5). Ift the average intensity over in nsliheri('a ho hI es it' heir ajiproinix mte size is known. For
an angular range (containing several tine-structure variations example, if the bubble is spheroidal anil either the major ort
is (desi redl, thie applrioximatiotn may lie usedl to piredict Ij in the the minor axis lies in the scattering plane, the critical scat -
range 2)0'~~ 9:3.540. T'his; model breaks down foir tering angle piredlictedl by ray opitics is the same ats trbitt lire-
small bubbles, ats canl lhe seen in Fig. 4, (tie to its use oft' the dicted tfor at sphere. Tlhe dIiffractiotn related shift in the first
Fresnel reflectio am 10( transmission ('ieftic ientts ot' lianar ill- maximum is roughly (X/a)112 rad, where a becomes anl average
tertaces 1111( the statiotnary phase alilrliximat ion itt' diff'raction (which (dependis onl t hi itrient~ation of the spheroid) of thle
integrals. seminiajor arid semimninor axes. Tlhe (lefails ot'the c'oarse find(

'l'e physical oiptics approxitnat~ion predicts a quasi-period tine Atroilttires will (depend onl t~he bubble's shape.
jý I VaC)l1 radl tor the coiarse struc'ture, and it ftine-st ru't~ure Thel approach totthe scatt erinig describied here is to allow
qu'asi-lieriit( ot' 1).95( X/a) tit q), , decreasingt1 wit i if). Tlhese tilie light to enter and leave the glass via plane surfaces arid to
teatitures are ilearly evident Itor ka = 25 itni 1t)0, as is the neglec't suirface refle('t ions.ýt Scatt~ering near 9f0' has been
p~redi c tedl broiad dlec' line in i nt~ens~ t for '/) > if),. - ulsed to ii let t 111 itles iii glass." Fior glasses wit It n/a il = 1 .5,
ar('siii 1.21 Va cotSfl.. 1I/21 ( identitied inl Retf. 51 its the approxi- (/), = 961.4' and1 tilie Brewster scatt~ering angle is 112.60. Pre-
miate I (lict ion ofi ittte last co arse -stru('tlire maii (imumi). vii ils appli)1catitoirs of' M ii t heo ry toi bubbles are reviewed inl

Tlhie brotad mininiliuli in I., near I110' c'irre!jionds lto light Retfs. 5 anid 11, Applroximatiotns hit' scattering by inhomiio-
sifcattered If rom thle B rewst er anrg le: parallel platnrizedl light geintlit ies wit hin f ibIer wavvg uid es ha ve reicenitly lieen 1)ub -
inciden ii otiil ii phlii glass aiir intIerface is tot lilly t ra nsrnit teil list ied 1. I 1tot thlese ili iii t decsribhe I hie anrgulahir struictuire tir
whin 0 = 3:1.41.0. T'hius, when k,4 is large enough ito use t he scattIerers wit Ii k a ~I
I" tesnidi e Iii coufcets, we e xplect a iiegl igibtle oi tntribItio tin ito 1.
at =i 18)0' - 2(34.4') = 111.20 f'rint thle externally ri'letieifil Tlhis wotrk was supplorte fi y It lie Off'tice ot Naval Researihi.

(p) 0 ) ra y. Tlhis i/, can1 also hie writtini as 2 r(tiit c a,,/a, 1). L.. Marston is an Alf'redi 1), Slioan Researc'h Flelluw.
lFiir h/c = 5 ( Fig. l), tite till(, struictuire itiasi-lieriod is lilt-

troin ix atle\ 'i N 111 equa lio i the ilrsi-st roil Ire ijlllsi -pIICiodt. Thelii
11inlrinoitll I., at 10)2' and the slight dlip artound 450 arc the
last runina Ilt s oftthiis struictulre. As h,4 is reduIciied beltow 5, we References
findl that the scaitterinig piattern approaciiiihedl that itt'a diple~il 1. A. H, 'l'viw... A. 1), I'iarsc,i.auii lit.L. Bishi'i', . t)1 i. Soc. Aint 0,
raliaitort, as lireldilteil by Rayleigh scatternitg t heory: I~ 100i 113 ( P1!71 ).
ltecoitriis a tlnt line, and 1ý,00 is symmretricall about tit aminimum '2. t iji' Aiiii Phlv I.i'wigtit 25, 3177 l~tttý.
at 90'0 :1. IL I. Marston andi 1). L.. KiiigsliorY. . Ot~. iSM. Ami. 71, 192, E917

Wi' have ciompiareid these pllts with itt hers maide t'ir Ia HIS951).
0 1.75 lair Itolilles iii watter) titr thle same values iof' h4a nai t. t. E. Dauvis, .1. Ot~p. Soic. Aiin. 45, 572 11955).

fttound themi, as expetedtil ijiitv similar. Tlhe most noiticeabtle 51)I. L.. KingsburyN and 1'. IL. Muir~ului, .1. OpIt. Soci. Am. 71, 35S
diffterenice is the slightly larger qirasi-picrioils fur Itubiltls in ( 1981).
glalss. In bioth icases, thle best aingles toi liiik fur siatteririg will G. W. J Wisu'uumale, App~l. (lipt, 11), 1-1)6 ( 1980)l.
hic those anigles whereTM 0 -! 0/, - I X/o I 'n-. Coirreict ions aire 17. 1', IMamrstoni J, t;L. Sov1 Ami. 69, 12tt5 (1979); 70, 3531 EFD
siiiiit inies iceiedld when coiimputring the( (4ectt'ilivi scattering I lSo)tI

15 July 198 1 / Vol. 20, No. 14 / APPLIL 1) OPTICS 2349



9. 'Ihere may he an exception to this gpiiilini for large spherical
obhblos iecatiise blackscattering can he enihanced by the axial

foctising oftp = ; glory rays. Observations of this enhancement
for bubbles inl liquids are described inK I,.. Marston and 1). S.
L~angley, Jl. O)pt. Sov, Am. 70, 160(7 ( 198(1!.

9. Refracti icorrections, such as I h••e desc'ribed 'in Ref. 7, are
simplified when the light enters and leaves the scattering vwlume
via plane interfaces, and a lens is used to place the detecitor in the

far field, 'I'his may he achieved by immersing the glass in an

index-matching liquid and illumiiiating and observing it via
winidows.

10. I1I.S. Ordnance I)epartment (I)octiment 201:17), 'tlv Mainufaicture

of O)ptica l (Whass aond of Optica-l S•\stems A W1ur-'l'irp i'robhlm i
(U.S. G(PO, Washington, I).(., 1921), pp. 205, 206,

II. I). I,. Kingsbury, M.S. Th'elisis, Washington State (L. 1981 .
12. N. Morita and N. Kuniagai, IFEE 'T'rans. Microwave Theory

'l'ech. MTT-2M, 1:17 l~•(8),
1:t. N. K. I. Izinghl,I. ()pt. Soc.Ai . 71,•2)9 11181.
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Paper No. 6

Description of computer codes for Mie and model computations
(D. L. Kingsbury and P. L. Marston) [This is a slighlty
modified version of an Appendix in D. L. Kingsbury,
"Light Scattering Near the Critical Angle in Air Bubbles
in Water and Glass," M. S. Thesis, Washington State Uni-
versity (1981).]
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Appendix

COMPUTER CODES

Three programs were used to generate our plots. MIESC,

incorporating a modified version of Wiscombe's MIEVO, produced

the Mie and CRIT the approximation results. The versions given

here store recults in disk data files wherce they can be accessed

by the plotting routin MIEPL for display on the HP 2847A monitor

or for paper plots on the HP 9872A plotter. Al.1 proqram.3 ar-o

written in Hewlett-Packard RT-IVB Fortran. CRIT V valiuates the

approximation developeid by Marstoni ;md Kingsbury (1981).

MIESC

MIESC asks for the followinf inputs:

1. REF INDX is the complex relative refractive index ii /no.

The imaginary part must be non-positive.

2. BETA is the size parameter ka = 2a/,\, where N is the

wavelength in the uuter tredium.

3. AST is the smallest -catteriinij anqgle for which scatterin.i

angle for which scattering functions are computed, DPHI

the angle .-;tep size, and NUMANG - Nag is the total num-

ber of angles.

If NUMANG is even, results are calculated for the angles

AST + i(DPHI), i 0 to NUMANG/2, and their complementary
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angles (180*- p; ). (If NUMANG; 1., 900 must be the only angle.

If NUMANG = 0, only the extinction efficiency factor Q,, is

computed.)

For example, if ni = 1.33 - i(.05), n 1.0, and scat-

tering functions are desired for 4, 4e to 90e with increments

of .50, one should type in

/.7508,-.0282,40.,.5,101

MIESC then asks for the name and cartridge number of an existing

datafile in which to store the output. What data is stoi-ed

depends on what the output buffer RBUF has been equivalenced to.

In the version included here, each reco:d will consist of three

real numbers giving 4, I, a(), •nd I, (0), and the records are

entered in order of increasing 0, except that the record for

(180- 1) immediately fr lows that fo t .

If the phase difference DIFA is not desired, the code

that computes PHI, PH2, and DlFA is skipped.

To bring subroutine MIEVO down to more manageable size,

the original comments were largely omitted. The commented ver-

sion is given in Wiscombe (1979). Most complex variables have

been converted to 2-dimensional icirays or to separate variables

prefixed with "R" or "I." E'or example, NUN became NUM(1) anA

NUM(2), denoting the real and imaqinary parts, respectively, and

60



ZET became RZET and IZET. (This was done because of the absence

of double precision Fortran in RT-IVB Fortran.) Most complex

arrays were similary converted to separate arrays for the real

and imaginary components.

Subroutine names prefixed with "DV" refer to functions

in the HP Vector Instruction Set, which considerably speeded up

the execution of two former DO-loops.

To keep the loaded program within a 32K size limit, the

original MIEVO's complex BIGA array was dis-carded. (BIGA, which

stored the A,, contained as many elements as the number of

terms used in the Mie series. Thus, for ka = 10 000, a total of

2(10 088) = 20 176 double precision must be stored, requiring

161 408 bytes. ) Required A, values are instead stored on and

retrieved from a system disk using EXEC calls.

Phe use of the Hewlett-Packard minicomputer instead of a

regular "pay" computer system was absolutely necessary. Extra-

polation from Table 8 of Wiscombe (1980) indicates a MIEVO exe-

cution time of over 100 seconds on a CRAY-i for ka = 10 000 and

NUMANG = 8000. The several size parameters, repeated testing,

and dozens of plots required made our choice of computer systems

inevitable.
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CRIT

Required CRIT inputs are the relative refractive index

RI (now assumed real); the size parameter BETA; PTS and STRT,

which determine the angles for scattering computations; and LAST

ANGLE, the largest PH (f), N = n0 /nj : I/RI is used to calcu-

late the critical i.ncident angle e.:

THC = arcsin(I/N).

(Arctangents are used in the program due to the unavailability

of the arcsin function. ) The critical scattering angle CP is

then

PHC = 7T - 2(THC),

For a given incident an jle TH<THC, the angle PH at which

the refracted ray is scattered is given by an equation derived

using Snell's Law and elementary geometry

IH = 2(arcsinjsin(TH)/N) - TH).

For a desired smaliest PH, one chooses STRT such that TH

= STRT(THC) substituted in the above equation gives this PH.

As CRIT executes, TH -is stepped up in increments of

E = (THC - THO )/PTS. As TH approaches THC the corresponding

step sizes for PH grow steadily. Consequently, at selected

anglez TH2, TH3, and TH4, the step size in "'il is reduced.
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The function GI is the geometrical divergence factor

S. n(TH) cos (TH)
G1 = 2 11 - [ N •o.(TH)/cos (R)] I sj,,(PVJ)

in the expression for the intensity of refracted radiation

(Davis, 1955; van de Hulst, 1957), where R = arcsin(Nsin(TH)).

IP and IS are the inten~itie5 of thci parallel and per-

pendicular refracted radiation, respectively, computed using

Fresnel's intensity transmis;.iion coefficients (I- [P) and

(I - FS) for plane surfaces. The coefficients are squared

because this radiation i.; reft'acted twice -- at entrance and at

exit.

The variable W is the upper limit of integration on

the Fresnel integral used in the reflected radiation calculation

(Marston, 1979). Subroutine FRES evaluates this integral using

a numerical approximation (Abramowitz and Stegun, 1965).

The phase differences B1. and B2 between the reflected

and refracteJ ray.,.; for perpendicular (131) and parallel (132)

polarization have three component:;: the phase shift the

reflected ray undergoes at the bubble surface (DELl and DEL2),

the phase path dliffeC-ence ETAC, and a ?T/4 phase difference aris-

ing from the curvature of the scattered wavefront. (For the

reflected ray this phase shift is already included in the Fres-

nel integral.)
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wpm
CRIT is now ready to compute the scattering functions at

angle PH1:

Sj= ýIS+ (3/Nrf)(FC + iFS)exp(-ifl1)

S2= ý_P+ (!/F2)(FC + iFS)exp(-i132)

where FC and F'S are. the output of 2-ubroutine FRES.

MIEPI.

Output was plotted by program i%'AEPL using the HP 1000

Graphics paekager(_. NIIEPL is not. included in the program list-

ing which follows.
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4i t1P 1 1
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IF':. : 1 .-1 .I. 1 L PLL C L!?:E. E, IC

WRITE' ill ti.. 2107 lErP
'(1:17 FC'11,` ' M ' ' IE RPl= ", ;

T12F'PM-4T FOR HICtRE C;ET I LED ifI7
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I C 0 I77JRtIHII F.F',2,TE 14,&F:-.;4,2E 14,6, EG_,.
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END
-::

UBJjP nI~T HE NIiaV':' II_
C I-MP L EX' S E4A FK , !I ,St. 2
DOUBILE PRFE': T:.1I tAN PE*TOA,?MLI. PFT
RER4L NRCUT

* lNHIGtiIF 1 41;Fl 6:22, LULIT I IC HUD, ILEH, 1 tMR (t, I CF1I Cl, IO 20 ZI
LOG I CL H') I ti'oG, HOWiiH'B
CO:MPLE t' ONtIi Or Bltl I

* ~ ~ ~ ~ ~ ~ F 1~ti' 25 ) il. » , N' S, Pirl.2*' I NM 25E 14 11-N 4, 2.

DOUBLE FPFEC!S~tH F-i2l, H~l -FIN, PIN141,1F1 HPIb I 1'EFF,1,TEMCZF)
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N'c II;:.U G H Nlt1Iz'Qý . F . 1!

C:
C:

YHLU4IE IPIE EF, -IF TEFM .H OINNTE LEFT C- ' U LE4':THSIUPEPE BCPltLH
U'1SING EIIIFIF-ICI.L RC'P"I_!L*-E FT ITEC' FCFF I :7E. FHPUMEIEPS' UP TC!
20, CIO In

71F', 8111. T 3l~ T : rI T~ 1-T7 5 +4 uFPFTH 7 H

KP .,G 2 Tig EIT 4 LFFE;( EEl 'ThltU1 7 TE(

HPI =FY IS

ITPHII 1 IE>

LS H L E'::Ll'' i 1 [H- I' I I CiSP I
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ZINtt TEC. 2 't6ETH

FI T' Y iPREPAPE FOR DII,tý -RECI URFEtC C---
SM F P'UTE INI T I HL HI .H-C,'[HE-C BIP (-Il s E El;k- U iN ; LE IUT METHOD

15 FF2 I = NTPI tZItIY I
FF") = 2 TPI '
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IF T TEN M:I .) , T F'S , H, E, Tr,,-: 1i ,04,T,71wI [P 1 TO 3 0

C ILL-':':'HDITI HED 7k..'E--2.TF<DE T T '"FERPN INS'--TED C'IF OCE
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CALL (/SiP- '.,'T TLH I ,' P WIlHM , I , TM'P I1 ,Nil

CA..LL MY,':'l' P14, TriP, i, Ji-0,1l4, 1 tit1:
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Me.J~ = PFET4lP1

IF - t'l. LT .33.' GO': TO 50:)
tie =
IOP2 = 10P2.2
I F <~ I P2. L T ,:ElCT' ) GO TO 49 U
IOPI = IOPI+l

111':' Ci..LL E,<ECK1,' I t4t, BULFF, I LEN, ICIF't ICP2':

SE XT -2 . 4-2E XT/Fý E T 0+ ~2
IF,,NOAtlGS PETLIRN

C PECC'YER SI iHd( '32, FPC:'r S +, s-

DO 800 J1= ¶MNN
s 2< J (, .- ,CMPLý.:' `.AtL :P,ý 1j 4P'~tM< j , GCL< I $F: .J)+ ISM Jt~.J*))
$'CJ 0.5'P 2' ESt1.L- RP'P, J) )-P M ~J 1'.). flL P, J'h-J I 'J ):
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RETURN
ENE)
SUBFOUT I HE DC DWY H , F: , P.2,S3, 0

c PERFO'RM- 1,1OFL IlL TI FL.ICATVI ON DIV ISI1ON Iti DOUB'ELE PREC
DOUBLE PPECISICiflFP,2'."2,I
IF r P* ,.EO ':i AW). 2.),E'71 (1, G O TIO 1 0

IF ýWH 1, 2
1 1- " I ý 1 ':. 0 T P' i +P + , '
P E T Y14

RET'.' F

RE T LRN
END
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IF =~l4~,+ -FF't-.

ETA~ PHC-i-PH
W SIN(.ETR;*Q,

THB -~THc fETA/2'
D'ELI i-TNI-d' O.PT $1 H'THB)E 2 -1. ?'tS>/CuTH ))
DEL2 =2,*wTHNW NS+ *-TAN<ELI;1
D~ELI 2,.E'ELI
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$E2=3 IN' EC'
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PH - PHC-EToH
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r
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IF<TH.LTTHC) CG:TTO 'ý

ETAD-f 0,
DETA= 015
GCdTO ý3O

999 COLL CLOr:'ýEL le1D~.

.2003 FOPMP'1T< "IEPR=% 14'

SUBROUT WE FF.ES0hE, F ,FC)

CTHIS .:UBP CALCULATES THE FREsNE:L IN'TE~PiL FROM 0 TO WdE

F 926.*d v< 2,4 + A 75*+ 04 *LJ. 2)
r; ,( 2, 44, 1 42*Aet-3 , 69*dtk4E 7 QI **ýY)

FC = +*-;C

IF<WE ,LT0. 0, GQTO 3IFC m = .
RET1IJR N

Z FCx 5F
FSaZ-F

RE TUR N
END
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Paper No. I

Glory in the, optical backscatterinq from air bubblcs (0. S. Langley
and P. L. Marston) AcceptedI for Publ ication in Physical Review
Letters

Abstract

Obsmrvat i-ons of I irht aL :c cc from aiir buibbe Ics1 l V ('I
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I 2

The Mie solution for electromagnetic scattering by a sphere frequently

does not lead to direct Interpretation of the angular scattering pattern. Con-

sequently, models have been developed to facilitate an understanding of the

structure in the scattered intensity present where intensity is plotted as a

function of the scattering angle ý or the size parameLer x = ka (k = wave-

number; a - sphere radius). These model. have emphasized the angular regions

where diffraction is important lfor a drop of water in air: the rainbow, 2 , 3

_ = 1800,3-5 and q r 0..3,6 In the scattering of lighit by a spherical air

bubble in a liquid or in glass, the real parL of the refractive index of the

sphere is less than that of the surroundings and the models must be signifi-
7,8

cantly modified. New phenomena appear, such as (Hiffraction7 in the

region of the critical scattering angle ') . Here we report the first detailed

observations of backscattering by air bubbles in liquids and give a model

which describes some of the observed features. We refer to thils as glory
3-5

because, as in the case of drops, the e 1800 scattering is enhavnced when

x is large. 3,4

Van de Hulst gave a partial explanation of the enhancement for 6rops

by noting the axial focussing of those backscattered rays which have a non-

zero impact parameter. Whcn modeling this focussing in the far field, dif-

fraction provides an essential correction to ray optics because the factor in

the scattered intensity which accounts for geometrical divergence of the rays

goes to - as • -• 1800. Examination of this factor in ray-optics models of

scattering by bubbles9 shows that this - is not restricted to drops. We have

modeled the backscattering with a physical-optics approximation. The proce-

dure is to (a) compute amplitudes in an exit plane in contact with the bubble

via ray optics, and (b) allow this wave to diffract to the far field where the

distance from the bubble's center R >> ka"'.
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Fig. 1 illustratcs several rays which lead to backscattering. The paths

are determined by the number of chords p and m m i./rn where the refractive

ind ices of t he inner and out or media, mi dnd Tn are, taken to be real. F|ig. I

is drawn with m = 1.403 which corresponds to an air bubble in the dimethyl-

siloxane-polymer liquid used In the e<lperimient. All rays satisfy sine -lisill;).

For 0 180o, the off-axis (or a.Lory_) rays have )0 and j) = pwhere: 10 0 =

pý + (2g+2-p)90°, g is a non-negat tve I Lte.er (g)= 0 fir rays In Fig. 1) and

m < I requires that p > 3. Thc exit plalte (da ;hIcd i in In Fig. 1) touches C'

with its normal parall el to thie propaga• iton d I ret ion of t.he incident wave.

Our description of the I lold In o exit o plant' i!s facilitated by consid-

ering the propagation (d a wavelet de whitzI ic 1h e i I t, the backscattered

path. Fig. 1 shows de for p 3; 1 it eimer1'ge.s As CLurIdt ' . This curve appears

to come from a rinug-- Ikve source at. IF lnown aie the I oc:,l circle in the analo-

gous p 2 scattering from drops w4it i m -. The source is ringl ike

because the figure may be rotated arouaid thie Cc' axiS. The radius of the r ing

is b = asln0. After the inchid ent lay cro,;:;,,; tt, dh i s;hed vrtica] plane (the

entrance plane), the projag_. tion phase delay for rea"chrl)g the exit plane i!-;

Tj - ka[1 - cosO + (1 - cosB)sec(O-P,) + 2mipcosi)i . The ray cro,,,es the exit

plane at a radius ,s from C' with s/la =' n - (I. - COST)tan (Q-l•). The

radiu q Q of arc d' follows fr`11 tIh ctrvtiti o nt Y ':b k(d t1/ds)-I

all + '-.,(pT-])- Ico,,;U)} Where "l = tanlp/t7,111 . 'l'hw ,lI-eading, of thle wavele't is

characterized by (I ltnil(IFF/,de ,s d clý0 Where 0h0 bar denote.; thU arc lenof-h.

An equivalent expresiion for q i,; himit, - s(0) /(b - asIn0) as 0 * 0;

its value from ,'Hlospit ial's rule( Is fx/((t--- ( I). VeCti s (9, 1,2) denote

orthogonal basis vectors in both the entv;ince and exit planes; e1 is chosen

parallel to the polarizat Ion of t he incident wave's eiectric field EICYP(-iu.t)

In the ex it ) Ionte , the f 1i21d ( •L of ate ,,ttgoing pth glory wave is

computed by applyIng Van de lilt I :t ':i met lod of f I rst decainposing the fie] d-s
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perpendicular and parallel to the scattering plane. 3 ' 4  Exit-plane polar

coordinates centered on C' are (s,i) where ip is the angle relative to

e and s and • denote local basis vectors. We assume x >> I and use

Fresnel's coefficients r for the internal reflections where J - 1,2 for

fields parallel to ' and A, respectively. If Is-bi << a, the multiple

internal reflections give:

- Elq F rexp[i + ik(s - b) 2 /2 / (1)

where p " + n(p = 1 cl2sil21P + c 2 cos 22 , F2C(op) = 2M (c 2 - CI)sin2ý,
and), F _lip) cl)ii-Ib

and cr (- 1 )p j-i)rp 1 (1 - r2). The new phase term 11 accounts for the

crossing of caustics or "focal lines"; its value is 3 ' -I(P+)/2. Ther

are evaluated at e: rI M sin(O - p)/sin(O + ý)), r 2  L tan(O - f5)/tan(O + p).

The sign factor in cj accounts for a geometrical inversion (present when

J - 2 and p is odd) which is not evident in descriptions of p = 2 glory

in drops.
3 , 4

The field E at a distant point Q is computed as follows. The left exten-
p

sion of the CC' axis makes an angle 'y with C'Q. When ( is; small and CQ =

R'>>ka scalar diffraction theory and the Fraunhofer approximation give:

E'+kEl e k ik(s-b) 2 /2cd(
EP 27iR' q "(

0

W£ 27T Fke- -]ks siny:'os(ý-ý,) d (3)

0

where • is the angle between eI and the projection of C'Q on the exit plane.

In Eq. (2), the approximation given by Eq. (1) has been extended beyond its

useful domain in anticipation of Lhe stationary phase approximation (SPA) of

the integral. Direct evaluation of Eq. (3) gives l(y, = = b)
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t(c + c 2 )J(u) + (Ci - )J2(u) cos2F] and W 11 (c - e)J2(i) .,2 where

u = kbslny. The SPA of Eq. (2) gives the pth glory contribution to the scat-

tered field when kb2 /bt, and thus x, are large. In the experiments to be

described x .> 4000 and the SPA is appl icable.

k
The total field may he approximated by summing the E from Eq. (2)

P

with the fields due to axial tef lect outs and ,urf ce waves. Surface wave

contributions should be small for the obgerved buhl] es duei LO the largeness

of x. To determine which Iglorv and axial t(e2rn,1 a1r1e iIpo rtant to the total

field, and for other heuri,!;Lic reasons, cmonside r tle k-polarized Intensity

1 of the pth field taken PJ lone. The SPA o• Eq. (2) g)wIvc;:

p2
1 (4)

P P

where Ic =. 1a2/4R is h1, total Inh ii:.;itY .MI. i dk;tajiwe R = CQ from a

e_ ecl_ _!_; (I pedicted by r.as optiCc , i's

2 2 3
the incident intenstly, and F / - 2 1/a) , 4a (,( - a)/, . lit iq. (4)( , R

has replaced R' from (2) and bectomes I,`10 - j, because R : .

3,9 /(;eometrical optic,,, gives tOhe Intensli•s I o)f (;vparate axial reflections
p

(e.g. p = 0 and 2 ill ,"!g. 1) wi 'hI aic propoi L i•on l u '" 0 The s;tronl'gest.

reflection has p " 0 ;ad d , .1; for 0 O, -I (r-I (littl w.i.1e

1 0. S Ince f doe:; not depend on a , I kd ýoid glory terms (Iom i nat e

the '0acks,,;at terng wilen a Is '',.h st
Consi4de, a . u t , with x 40M) ;ttid li t- ,40)- . Mhe ct- !lg,4t g[ r

Lterm: have g = 0 hnh -3,4, and 5;. the Ip/I for /1: 0 are respectively

1.03, 0.43, and 0. 1-6. ThI I 1' decruanqe with increasitig 1) due to the partial
1)1

raflections in the bubble,. The strongest axial ray give,; I /I = 0.028. The
0 R

interference ot tli flelrh,; depe ld,; on (I ;'d our Mie coipupt.tatilns verify that

the backscattered [n'ns It y Is uot simply proport i oul i to at3 even for this

8 0



large value of x. The 9k 2 (cross-polarized) scattering is, however,

nearly dominated by the p = 3 glory term. Due to symmetry, t 2 scattering

vanishes as y - C. The 12 C 0,0,) have maxima at E, = ,45* and ±1350 and
p

they vanish at 1 = -0, ±900, and 1800. Let l = ocate the firstP
2 2

maxima of I (y,,p = 45'). The largest 2, " 2 terms have 1(y , , = 45')/IR =

0.53 and 0.10 for p = 3 and 4. To the extent that p 0 3 scattering may be

neglected, the 9 = 2 intensity will be quasi-periodic in y.

We have numerically verified the validity of Eq. (4) by using Debye'-

localization principle 3 '4 to modify Mie theory so that only partial waves

associated with p = 3 ra~s were included In the Mie series. Furthermore, when

1
Eq. (4) is applied to spheres with certain m > 1, the resulting 1(Y = 0)

agree with the glory "analog" tabulated in Ref. 11. This analog was derived

by applying the Watson transformation to the y = 0 Mie series.

Fig. 2 diagrams the experiment. A syringe injected bubbles into the

liquid. The liquid had a high kinematic viscosity (-600 000 cS) and a single

bubble could be observed for hours. The laser's power output was 5 mW and the

beam diam was 5 nun. The wavelength in the liquid 2TT/k was 632.8 nm/l.403;

e I lay in the splitter's plane of incidence. The camera was tocused on - so

the photographs recorded the far-field intensity pattern. 7'2 Photographs

were made with a ý- 0.3-0.8 mm corresponding to x 4000-11000. Exposure times

were typically 5s for TriX film and a 200 num focal length camera lens.

Fig. 3 demonstrates that the scattering has roughly the dependence on

Spredicted by Eq. (4); f = 0' corresponds to scattering toward the top of

the photographs and y = 0' corresponds to the center of the F'ymmetry. Fig. 3(b)

shows that the 9 = I scattering for y > 0.2' is sionificantly scronger for

±= 90 than it is foi ,= 0'. This agrees with the following modeL results:

Mi (c /C 2) 2>,, 1 (for p =3 we predict clI/C 2 • 2); and (10• for this x,
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the 1 depend only weakly on and are dominated by te One prediction
Sthe only[ and domiOned dit Io

of Eq. (4) could be quantitatively checked: when both siny y and u >> 1,

the minima in 12 should be spaced by Ay rad such that kbAy ni where for
p

p - 3, b/a = 0.447. Fig. 4 compares this with the mean spacing of Z40 dark

rings lying outside the 9th ring from the center. The error bars combine

uncert3inties in measured a and Ay with those of corrections due to refraction
at the cell-air interface7 and the tilt of the cell. Fig. 4 shows that p - 3

rays dominate the Z = 2 scattering. The modulations of the intensity along

C - ±45' in Fig. 3(b) show that other rays contribute to k = 1 scattering

since the predicted T1 c [3O(1) 2

In conclusion, backscattering from bubbles can be enhanced by axial

focusing. The number of significant glory terms depends on m. The main
3

contributions differ from those for water drops where surface waves and

other diffraction related terms5 play an essential role. If focusing were

not present, scattering by large bubbles would be '.< 
1 R in the region7-9

4c + 10') c !ý 180 where = 2 cos m = 890 for m = 1.403. WE also

find evidence of p = 3 glory In Mie computations for bubbles in water.

This work was supported by the Office ol Naval Research. P. L. Marston

is an Alfred P. Sloan Research Fellow.
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Fig. Captions

Fig. 1. Rays which contribute to hackscattering. The local angle of inci-

dence is 0 and C is the bubble's center.

Fig. 2. Apparatus for observing backscattering from bubbles.

Fig. 3. Photographs for: (a) crossed polarizer (Z - 2 scattering);

(b) uncrosned polariz( (k = 1); and (c) no polarizer. The incident polar-

ization was vertical. a = 0.49 mm and x = 6830.

Fig. 4. Measurement and model for the angul.,r separation of the dark rings

in the Z =2 scattering.
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